This paper deals with non-linear periodic motions of a ship running in following and quartering seas with low encounter frequency.
It aims at providing a methodology for more comprehensive understanding of broaching.
The motions discussed here include surge, sway, yaw and roll with an auto pilot. A manoeuvring mathematical model in waves is transformed with a mean-velocity inertia axis system and then an averaging method is applied to the transformed model. As a result, local stability and outstructure of periodic motions are discussed with numerical results derived using a purse seiner. These cannot be directly assessed by conventional linear models or purely simulation based approaches.
Comparisons with experimental results are also shown.
Introduction
When a ship travels in following and quartering seas at a relatively high speed, she may suffer broaching. Since broaching can result in capsizing or grounding, many research efforts have been concentrated on studying this phenomenon. Recently, occurrence, local stability and outstructure of surf-riding equilibrium points have been intensively investigated 1-4), because broaching can be explained as one of outstructure for unstable equilibria of surf-riding1).
On the other hand, a dynamical system of a ship in regular quartering seas has other steady states.
These are periodic motions at frequencies equal to the encounter frequency of a ship in waves.
Broaching can be regarded as a transition between periodic motions and equilibria of surf-riding. As can be seen in Fig. 1 , two co-ordinate systems are used : wave fixed with origin at a wave trough, e axis in the direction of wave travel ; upright body fixed with origin at the centre of ship gravity, the x axis pointing towards the bow, the y axis to starboard and the z axis downwards.
The latter co-ordinate system is not all- 
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Since the external forces are functions of the surge displacement but not time, this equation is non-linear and autonomous. The wave forces and moments are predicted as the sum of the Froude-Krylov force and hydrodynamic lift due to wave particle velocity by a slender body theory. Umeda et al.7 validated this prediction method with a series of captive model experiments covering the typical broaching conditions, namely, the runs with zero encounter frequency in extremely steep quartering seas. As accepted widely, the wave effect on the righting moment can be estimated by integrating water pressure up to the wave surface. The manoeuvring derivatives with respect to sway, roll and yaw can be obtained by conventional captive model tests in still water and rudder angle derivatives are calculated using the inflow velocity modified to take into account the orbital velocity due to the wave, together with the change in the propeller race. In addition, coupling inertia terms are neglected because of the low encounter frequency. The wave effect on the manoeuvring derivatives was taken into account in some previous studies.
The model experiments by Fujino et al.8) showed that it is generally small as long as a ship is free in heave and pitch. The non-linear terms of the manoeuvring derivatives are also assumed to be negligible because the sway velocity and yaw rate are much smaller than the forward velocity even during broaching, as observed by Fuwa et al.9) Furthermore, the following simplifications are made as a first step. ( If an eigenvalue of DG( v0) has a positive real part, the local asymptotic behaviour at v0 is unstable. v0 is a fixed point of the averaged equation. The averaging theorem10) indicates that, if an averaged equation has a hyperbolic fixed point, v0, the original equation possesses a unique hyperbolic periodic orbit of the same stability type as v0. Therefore, v0 means a periodic motion with frequency equal to the encounter frequency and its local stability can be examined by means of eigenvalues.
Subharmonic motions can be similarly investigated.
The Hartman-Grobman theorem and stable manifold theorem10) indicate that the invariant manifolds representing all trajectories associated with a fixed point can be obtained by tracing trajectories backwards and forwards in time from the eigenspace spanned by the eigenvector at the hyperbolic fixed point. The invariant manifolds analysis based on this theorem affords us understanding of the relationship between local and global behaviour associated with periodic motions. Thus, invariant manifolds are called outstructure of a fixed point. 6 . The main conclusions from this work are summarised as follows :
( 1 ) A manoeuvring mathematical model in waves was transformed with a mean-velocity inertia axis system. ( 2 ) A method to assess occurrence, local stability and outstructure of periodic motions was formulated by using an averaging method.
( 3 ) While linear periodic solutions for surge and sway are unbounded at the zero encounter frequency, an analysis including the non-linearity of waves due to horizontal displacements provides finite amplitudes of periodic motions. ( 4 ) If this non-linearity is considered, unstable and stable periodic motions may co-exist. When the encounter frequency approaches zero, a stable periodic motion may become unstable. ( 5 ) Further numerical surveys by using the present method are expected to provide more general features of periodic motions. The work described in this paper was carried out at the University of Strathclyde during the first author's stay as a visiting research fellow. This was supported by the Engineering and Physical Sciences Research Council in United Kingdom, to whom the authors express their gratitude. 
